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Abstract

The balancing numbers satisfy the second order linear homogeneous difference equation B, 11 =
6B,, — Bn—1, on the other hand the Fibonacci numbers are solution of the second order linear
homogeneous difference equation F, 41 = F,, + Fn_1, where B, and F,, denote the n'* balancing
number and n'* Fibonacci number respectively. In a paper, Smith introduce Fibonometry in con-
nection with a differential equation called Fibonometric differential equation. In this study, we
first introduce the balancometric differential equation and then obtain the balancometric functions
as solutions of this equation.
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1 Introduction

The study of number sequences has been a source of attraction to the mathematicians since ancient
times. Since then many of them are focusing their interest on the study of the fascinating triangular
numbers. Behera and Panda [1] defined balancing numbers n as solutions of the Diophantine equation
142+...4(n—=1)=mn+1)+n+2)+...4+ (n+7r), calling r as balancer corresponding to n. By
slightly modifying the Diophantine equation, Panda and Ray [5] introduce cobalancing numbers and
cobalancers as solution of the Diophantine equation 1+24...+n=n+1)+n+2)+...+(n+ R),
callingR € Z* as the cobalancer corresponding to n. The cobalancing numbers are linked to a
third category of triangular numbers that are expressible as product of two consecutive natural
numbers (approximately as the arithmetic mean of squares of two consecutive natural numbers i.e.

2 2
% ~n(n+1).

In a subsequent paper, Liptai [2] added another interesting result to the theory of balancing
numbers by proving that the only balancing number in the Fibonacci sequence is 1. Also in [3], he
proved that there are no Lucas balancing numbers in the sequence of Fibonacci numbers. Subsequently,
Panda [6] established many fascinating properties of balancing numbers, where he has proved some
results resembling trigonometric identities. Many interesting results of balancing numbers and its
related sequences are available in the literature [4-9, 127 |, 13].

Motivated by Fibonometry introduced by Smith [11], in this paper, the concept of balancometry
is introduced. The balancometric functions are being obtained from a second order linear differential
equation y”’ — 6y’ +y = 0, which we call as balancometric differential equation. Clearly, the differential
equations

y'+y=0 90)=0, y(0)=1 and y"—y =0, y(0) =0, y'(0) =1
lead to the circular trigonometry and the hyperbolic trigonometry respectively. On the other hand,
the initial value problem
y' =6y’ +y =0, y(0) =0, y'(0) =1 (1.1)
known as balancometric differential equation is analogue to the well known recursion formula for
balancing numbers

Bn = 6Bn_1 - Bn_g, BO = 0, Bl = ]., n Z 2. (12)
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It is well known that the sine and cosine functions are solution of the differential equation y// +y=
0. This paper investigates some of the topics associated with the trigonometry derived from the
balancometric differential equation. The functions to be developed will be defined as the balancometric
functions.

2 Balancometric sine and cosine functions
eklx_e)\zz
A1—A2
solutions of the equation A\?> — 6\ 4+ 1 = 0. Based on the well known pattern for the classical circular

and hyperbolic trigonometry functions

The solution of balancometric differential equation is y = where A\; and A5 are indeed, the

_ e—iw eia: + e—iw et — e e + e T
sinyr = ——, cosx=———, sinhzx=——— and coshz = ——,
21 21 2 2
the balancometric sine and balancometric cosine are defined as follows:

Definition 2.1. The balancometric sine function is

. e)\lx _ e/\2£E
sinBr = ——,
— )\2

where A =3 + /8 and A\ =3 — V/8.
It can be observed that, if Z anx™ is a power series solution of the balancing differential equation
n=0

(1.1), the recursion relation will be

6(n+ 1)apt1 — an
(n+1)(n+2)

Ap4+2 = (2].)

With the help of the recursion formula (2.1), we develop an interesting relation between the power
series coeflicients and the sequence of balancing numbers as follows.

Theorem 2.2. For n'" balancing number B,

Bnal - anlaO

Ay — 1
n:

Proof. Mathematical induction comes into the picture to prove this theorem. Clearly, the theorem is
true for n = 1 as ap = B21-Bioo — Sai2d0 by (2.1). Assume that it holds for all n < (k + 1) where
k € Z*. Now, by (2.1) and from the hypothems we obtain

(k+ 1) (k + 2)akt2 = 6(k + 1)ag41 — ax
—6 Byyi1a1 — Brag | Brai — Bi_1a0
N k! k!
_ (6Bry1 — Br)ay — (6B, — By_1)ag _ Bry2a1 — Bryiag
o k! - k! ’

which follows the proof of the theorem. O
Following theorem establishes an alternating expression for balancometric sine function.

Theorem 2.3. The balancometric sine function is
o0 xn
sin Bx = E:O Bnﬁ,
n=

where By, is the nt" balancing number.
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Proof. By virtue of Theorem 2.2, the solution of the differential equation (1.1) will take the form

6a1 —a Bpai — B,,_1a n
y:a0—|—a1x—|—<12‘0)x2+...—|—<1n'10>x + ...

Applying the initial conditions, we get ag = 0 and a; = 1 and therefore, we obtain

6 2 35 3 Bnal — Bn_lao n
o ()t (B)at o (B Bm) o
-y
= " n!
which completes the proof. O

Following theorem establishes the convergence of the balancometric sine function.

Theorem 2.4. The series expansion for sin Bz is absolutely convergent for all x € R.

L= A1 = 3+ /8, we obtain

Proof. By ratio test for convergence and since lim

n—oo n
Bn1
. D) 1 Bpp
lim |———| =
. Bn+1 o
—0 T, T Al

implies the series | sin Bz| is convergent. Thus the series expansion for sin Bz is absolutely convergent
for all x € R. U

Now, we introduce the balancometric cosine function as the derivative of balancometric sine func-
tion, that is, cos Bx = % sin Bz, or equivalently, from Theorem 2.3, we have the following definition.

Definition 2.5. The balancometric cosine function is

)\16)\190 )\28>\2JC
cos Bx = =

)\1— Z Bn+1

where A\; = 3+ /8 and Ay = 3 — /8.

Since the derivative of an absolutely convergent series is convergent, the balancometric cosine
function cos Bz is also convergent.

3 Balancometric tangent and cotangent

In this section, we will follow the familiar patterns for the circular and hyperbolic functions and define
the analogous balancometric functions such as balancometric tangent and cotangent functions. Similar
to the definitions of classical tangent and cotangent functions, we introduce balancometric tangent
and balancometric cotangent functions as follows.

Definition 3.1. The balancometric tangent and balancometric cotangent functions are defined re-
spectively by
in B B
SIOT ond cot Bx = M, sin Bx # 0.
cos Bx sin Bx

Since A\; and My are roots of the equation A\ — 6\ + 1 = 0, we notice that, A\ = 6\; — 1 and
using this, we get A\ = A\;(6A\; — 1) = 6(6A; — 1) — A\; = 35)\; — 6. Thus, we suggest the following
proposition.

tan Bx =
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Proposition 3.2. Forn > 1,
(Z) )‘? = Bn/\l - Bn—h
(#i) Ay = ByAy — Bp—1.

Proof. Once again induction play the role to prove this proposition. Clearly, it holds for n = 1, 2.
Assume that it is true for all n < k. Now by the recurrence relation (1.2) and from the hypothesis,
we obtain

A= M(BrA — Bi-1)
= By(6A; — 1) — M By_y
= Bpy1A1 —
This completes the proof of (¢). Similarly one can prove (7). O

The following theorems demonstrate the alternative expressions for balancometric tangent and
cotangent functions.

Theorem 3.3. The balancometric tangent function is of the form
tan Bx = Ay + (34X — 6) Z (BpXa — By 1)2672\/§nx ’

where Aa = 3 — /8.
Proof. By virtue of Definition 3.1, we have

e)\lz _ 6)\21? 1 _ e(/\Q*)\l)I

tan Bx = )\16/\11. — )\26)‘2I = . )\26()\2_)\1)1.

Dividing Ay into the numerator and denominator and using the fact A\As = 1, A\ — Ay = 2\/§, we
obtain

tan Bz = Ao(1 — 672\@””) (1 - )\3672‘/&)_

Expanding the inverse expression and replacing A3—1 with 6\ —2 (as A5 is a solution of A2—6A+1 = 0),
we get

tan B = Ao [1 +(6X2 — 2)e72V5 £ A3(6X2 — 2)e ™" £ A3(6)y — 2)eOVET 4

= Xo 4 (6A3 — 2)) Y A3 2VEne

n=0
= Xo + (34X — 6) > A3rem2VEne,
n=0
and therefore the theorem follows from Proposition 3.2. O

We can get a similar expression for tan Bz in terms of \; also.

As a bonus, we observe that the Binet’s formula for balancing number can also be derived from
Proposition 3.2 by subtracting (ii) from (i).

Theorem 3.4. The balancometric cotangent function is of the form

1 o0
t Br = — |1— (6 — 2 ~2VEnz
cot Bz N (62 )nz::oe ,

where Aa = 3 — /8.
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Proof. Again by Definition 3.1, we have

AeMT — Nyere®

cot Bx = S

Dividing A\;e*? into the numerator and denominator and using the fact Mo = 1, A\; — Ao = 2V/8,

we obtain s
1— )\2 —2v/8x 1 -1
cot Bz = 2¢ {1 ~ (6My —1) (1 - 6*2@) } .

Aoy — )\26_2\/§$ - 72

Expanding the inverse expression, we get

1
cot Bx = o {1 — (6A — 2)6_2\/§x — (6X\y — 2)6_4\/5” —.. }
2
1 oo
= — (1= (6)g—2)Y e 2VBnz|
[eeng
which ends the proof. O
Remark 3.5. For x = 0, the series cot Bx is undefined as sin Bz = 0. That is, the series fails to
converge since (6o — 2)21 = (62 — 2) li_>m n = oo. Further, for any x < 0, each of the terms in
n=0

the series for cot Bz is a positive power of e, and hence, is greater than 1. Thus, the series diverges
forz < 1. More precisely, the series cot Bx converges for x > 0.

Definitions for the balancing secant and cosecant can be obtained analogously and their series are
investigated.

4 Fundamental identities of balancometric functions

In circular trigonometry, the identity sin?z 4 cos?z = 1 leads to the circle 22 + % = 1 with z =
sinz, y = cosz whereas in hyperbolic trigonometry, the identity cosh?z — sinh® z = 1 leads to the
hyperbola 22 — y?> = 1 with « = coshz, y = sinhz. However, the situation is not so direct in
balancometric functions. The following theorem demonstrates this fact.

Theorem 4.1. The fundamental identities for balancometric functions is

cos B?z — 6 cos Bz sin Bz + sin B%z = 5%,

Proof. By virtue of definitions, Definition 2.1 and Definition 2.5 and since A\> — 6\ +1 = 0 for
)\1:3+\/§, A2 = 3 — /8, we have

2 2
) ) )\lez\lx _ )\26)\21' )\16)\13: _ /\26)\296 e)\lx _ e)\gz ez\lx _ e}\g%‘
cos B2x — 6 cos Bz sin Bz + sin B2z = [ — +

A1 — A2 A1 — A2 A1 — Ao A1 — A2
(A} = 6A; 4 1) N (=24 6(A; + Ag) —2)eMatr2)z (A2 ), 4 1)e?Ae”
= %)? = %) (= %2)?
_ er,
which completes the proof. O

Remark 4.2. The cobalancing numbers, Lucas-balancing numbers and Lucas-cobalancing numbers
are defined recursively by b,,+1 = 6b,,—b,_1+2, C,11 = 6C,,—C},_1 and ¢, 11 = 6¢,, —c,,—1 respectively
subject to the respective initial conditions by = 0, by = 2, Cy =1, Cy =3 and ¢ =1, ¢; = 7.
Arguing as above, we may deduce the cobalanciometric sine, Lucas-balancometric sine and Lucas-
cobalancometric sine respectively as

sinbr = Zd”ﬂ’ where d,, = b,, + 2 sin LBx = ZC”H and sin Lbx = ZC”H'

n=0 n=0 n=0
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Similarly the cobalancometric cosine, Lucas-balancometric cosine and Lucas-cobalancometric cosine
respectively as

n

oo n 1 oo n oo
cosbx = ;dnﬂi!, where dy,+1 = bp41 + oL cos LBx = RZ_OC,ZH:Z! and cos Lbx = nz_ocnﬂg;!.
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