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Abstract: Inspired by previous works, considering an arbitrary triangle ABC, where AM is the median
relative to side BC and P € AM, in this article, we propose to investigate the behavior of the harmonic
mean function of PB? and PC?. By analyzing the critical points of this function, we show that the
relative extrema coincides with the centroid of the triangle if and only if the sides of the triangle are
roots of a certain homogeneous polynomial of degree six. We also present some numerical simulations
to illustrate the study conducted. The study is relevant as it brings previously unknown properties of
the centroid of a triangle and has the potential for further investigations by considering other functions
besides the harmonic mean between PB? and PC?. In this work, we use differential calculus, the law of
cosines, Stewart’s theorem, and the GeoGebra software.
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Introduction

Bialostocki and Bialostocki (2011) have shown that given a triangle ABC with a point
P on the bisector of the angle ZBAC, as illutrated in figure 1, the extremal values of

1 PB

o PC (1)

occur at the incenter and the excenter on the opposite side of A.

Figure 1: Point P on the angle bisector AT

B” T ¢
@

Source: figure created by authors using GeoGebra.
In additional articles, using different cevians from the point A, Hajja (2012), Bialos-

tocki and Ely (2015) and Hajja (2017) have proven more general results and pointed out some
observations about the ratio (1).
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On the other hand, as illustrated in figure 2, using the median rather than the bisector,
Santos, Freitas and Velasco (2024) have shown that, as a point P moves on AM, it is not always
true that the centroid optimizes the ratio (1).

Figure 2: centroid G as a possible solution for an optimization problem.

A

C

Source: figure created by authors using Geogebra.

The article by Santos, Freitas and Velasco (2024) simply states that the centroid G of
the triangle is the relative minimum of the ratio (1) if and only if

5a% = b? + 2. (2)

In another work, using the median, Santos and Freitas (2024) have demonstrated that a
necessary and sufficient condition for the centroid to be the relative minimum of the geometric
mean

\V/T1 T, (3)
is that
da* — Ta*(b* + ) + [1(b* + ¢t — 22b%¢%] = 0, (4)

In this article, following these ideas, using the median AM , we study the extrema points

of the harmonic mean given by
2

1 1
pB2 " P2
and investigate the condition to the point P to coincide with the centroid G.
What motivates us in our work is the possibility of delving deeper into the study of Plane
Geometry, bringing new properties of the centroid of a triangle, characterizing triangles whose
centroid is the extreme of the aforementioned function.

Critical points of the harmonic mean function

In order to proceed, consider any triangle ABC and let be
BC =a, AC=b, AB=c¢ and M the midpoint of the side BC. (5)

By definition, the straight line AM is the median relative to the side BC.
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Suppose that P is any point on AM. Assume that
y=PM, PB=r(y), PC=ray), a=LAMC. (6)
By symmetry, without loss of generality, we can restrict ourselves to
a=/AMC € <0, g} .

It will be seen that the harmonic mean function of the squares of PB and PC
2 2

1 n 1 1 n 1
PB?2  PC? r2(y)  ri(y)

has critical points at

av/—1+2cosa
2 b
In addition, positive critical point coincides with the centre of gravity of the triangle

ABC if and only if the following expression involving the sides of the triangle

—8a8 +12 (6% + c*) a* + 3 (—11b* 4 326%c* — 11c*) a® + 3 (b*c® + b%c*) + 8% + ¢ =0,

Yo=0, y1 = Y2 = —Y1-

is true.
Now, let us prove these results. Figure 3 illustrates.

Figure 3: Proving the results.

A

c

Source: figure created by authors using Geogebra.
First, notice that if we apply the law of cosines to the triangles PM B and PMC', we get

2

a a
R = v+ -2 cos(n —a)

2

9 a
=y —i—z—l—yacosa,

and

2

a a
ri(y) = y2+f4 —2y§cosa
_ 0,
= Yy + 1 — Ya cos a.
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Therefore, the harmonic mean f is given by one of the following forms

4 4
B a? a?
yg-l-z—kyacosa—i-y?-i- T — ya cos o

2 2
2, @ 2,9
2<y —|—4+yacosa> (y +4—yacosa>

= 2
a

22
y+2

+
) @ ) @
2(y*+ — +yacosa Y°+ — —yacosw

1 a*
Ayt + 4a? <2 — cos? a) Y2+ —

4y2 + CL2

o
4yt — 242 cos (2a) y? + T

I

4y2 + a2
since

2 2

2 a & cos(2a) =cos’a— (1—cos?a)

cos (2a) = cos” a — sin

& cos(2a) =2cos’a—1

= ;—COS2OJZ—COS(M.

For the purposes of calculation, it is convenient to set

2
a
n:=acosa and m:= T

Thus, the expression (7) yields

[(y* +m) +yn| [(y* +m) —yn]
Y2 +m

fly) =

From the difference of two squares given in the numerator of (11), we obtain

P +m)? iy

fy) = v2+m  y2+m
2,2
2 o ny
= Yy +m 2 m
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By differentiation, we get
2yn?(y? +m) — 2yn?
(y> +m)>?

2/, 2 )
— oy l1-2 (v +m) Qy"
(y? +m)

fly) = 2y

2y (y2 + m)2 —n?m
- [ (y? +m)* } ’ "

whence it follows that the critical points for the harmonic mean f are such that
y=0, (14)
or
yt 4 2my® + m? — n?m = 0. (15)
Since (15) is a biquadratic equation, it is a quadratic equation with respect to 2,
(y2)2 +2m (y?) + (m* — n*m) = 0. (16)

As a consequence, we have

2 = —2m £ V4m? — 4m? + 4n2m
2

= —m+nym.

Hence, from (10), we deduce the harmonic mean f has also critical points at
y = £/ -mEnym

2
= j:\/—czl + (acosa)%

= :I:%\/—l:l:ZCosa, (17)

besides y = 0.
Since by symmetry, we can restrict ourselves to

a=/AMC ¢ }oa :
it is obvious that cosa > 0 and

—1—-—2cosa< —-1—-2-0< —1.

Furthermore,

—1+2cosa>0 < cosa >

N =

o a<t
(6] —.
-3
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These calculations show that the three critical points for the harmonic mean function f

are
™
yo =0, for every o € }0, 5] ) (18)
and
/T Zcosa
Y1 = ¢ —g o5 and Yo = —y1, for every a € ]O, %} . (19)

In order to study the relative extrema on the domain of the harmonic mean function, we
expand on the numerator of (13) to get

2 [y5 + 2my3 + (m2 — nzm) y}

flly) =

(y* +m)?
o 2(y° +2my? + ty)
B W +m)? 7
where, for convenience, we set
t:=m? —n’m. (20)

Perfoming straightforward calculations, we obtain that the second derivative of f is given

(5y* + 6my® +t)(y* + m)? — 4 (y° + 2my* + ty°) (v* + m)
(y? +m)4

fly) = 2

[(5y* + 6my® + t)(y* +m) — 4(y° + 2my* + ty?)}
(y2 +m)3

_y6 +3my* +3 (2m2 — t) y? +tm
(y* +m)?

_y6 +3my* +3 (m2 + n2m) y? +tm
(y* +m)?

(21)

Now, from (10) and (20), we notice that

2\ 2 2
t = (Z) —(acosa)QaZ

- QZ [i - (acosa)ﬂ

a* /1 N 1
—_— — COS — — COS .
1 \2 “)\2 @

Hence, for every a € }O, g [, one has

1 1
cosae}Q,l{ & §<cosoe<1,
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which implies t < 0, and it holds that

2t
f”(yo) = f”(O) = W < 0. (22)
Similarly, for every a € ]g, g} , we have

1 1
cosa € [0,2[ = 0§cosa<§,

which implies ¢t > 0, and it is true that

P = 10 = 25 =0, (23)

Of course, the above results show that yy = 0 is the relative minimum point of the
harmonic mean for « in the interval
53
37 2 )

and that yp = 0 is the relative maximum point of harmonic mean for « in the interval

™
0, % [
o3
To investigate the other two critical points given in (19), notice that the harmonic mean
f is an even function since it follows from (9) that f (—y) = f (v).
Moreover, this investigation requires of us we keep in mind that o € }0, g]

Under the circumstances, one ought to expect that

ayv/—1+4+2cosa
2

Y1 = and Yy = —u1,

are both relative minimum points of the harmonic mean.
To verify this is the case, let us define

5:= —m +nym, (24)

and observe that from (10) we have

— 7&2+( COS )110;2
s = 4 a S & 4

a2

2 (

= (y1)2.

—1+2cosa) (25)

T
Consequently, in addition to zero, for every a € }0, g}, the other two critical points of

the harmonic mean are /s and —/s.
According to (20) and (24), we also note that

s+m=nym,

and
t —m? = —n’m.
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Using all these remarks, it is easy to compute from (10), (20), (21), (24) and (25) that

f// (\/g) _ f// (—\/E)

_ o -53+3m32—|—3(m2—|—n2m)5—|—tm
] (s +m)’
_ (s +m)® — m3 + 3n%ms + tm

n3m~/m

(s +m)® + (t—m?*)m+ 3n2ms]

n3m+/m

(26)

[ (ny/m)® + (—n?m) m + 3n2ms
n3m~/m

_n\/ﬁ—m—k?)s}

n+\/m

[s+ 3s
8s
ny/m

2a% (—1 + 2 cos @)
2
a

(acosa) vy

4(—1+2cosa)
= ) 27
cos (27)

Since o € ]0, g [, we obtain

1
§<cosa<1 & 1< 2cosa < 2,
and, as a consequence, it yields
" (Vs) > 0. (28)
Therefore, we conclude that

av/—1+ 2cosa

Y1 = 5 and 1y = —y1, for every a € ]O, g[, (29)

are both relative minimum points of the harmonic media f.

In the next section, we shall determine what condition must be verified in order the point
P to be the relative extremum point of the harmonic mean, and to coincide with the centre of
gravity of the triangle ABC.
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Centroid and harmonic mean

Consider any triangle ABC' whose straight line AM is the median relative to the side

BC.
On applying law of cosines to the triangles AMC and AM B, it follows that
a2
ﬁzAM%MZ—mAMmmm (30)
and
a? a?
CQZAM2+Z—G-AM-COS(7T—04) & cQ:AMz—i—Z—i—a-AM-cosa, (31)

where M is the midpoint of the side BC,
a=BC, b=AC, ¢=AB, and a=ZAMC.
From expressions (30) and (31), we obtain the Stewart’s theorem applied to the median,

2 (1% + 2) — a?

AM? = , (32)
4
and
c? —b?
2a- AM -cosa=c? — b & cosa= . (33)
ay/2 (b% + c2) — a2
Now, according to last section, relative extrema points of the harmonic mean
2
ﬁu (34)
PB2  PC?
are given by
PM =0, PM=my and PM = —my, (35)
where
V=142
Mo — a + 2cos o (36)

2 Y
is the relative minimum of (34). The relative maximum of the harmonic mean occurs at zero.
Furthermore, since harmonic mean as a function of

y=PM,

is an even one, it follows that —my is also a relative minimum point of it.
As a result, we can make our reasoning using only mg.
In this way, for the point P to be the centroid of the triangle ABC), it is necessary and

sufficient that AM

since it is known that center of gravity of a triangle lies two-thirds of the distance from the
vertex to the opposite side along a median.

Therefore, the statement that P is a relative extremum point of the harmonic mean, and
centroid of the triangle ABC' is equivalent to requiring that

AM
=3

& 3mg = AM < 9Im3 = AM?
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& 9a* (-1 +2cosa) =2 (b? + c?) — a?
< 9a%cosa = b2 + 2 + 4a’
& 8la*cos’ a = (4a2 +v%+ 02)2

81a? (02 — b2)2

& = (4a® + 1?4 )
I e SR

8162 (2 —02) = [2(® + ?) — a?] (4% + b + &2)?

& 8la? (02 — b2)2 +a? (4@2 + 0% + 02)2 =2 (b2 + 62) (4a2 + 0% + 02)2
& 8a° +4a'b? + 4a’c? + 41a%b* — 80a%b?c? + 41a%ct =
b8 + 8 + 16a*b? 4 16a*c? + 8a?b* + 8ac* 4 16a%b%c? + 3b*c? + 3b2c?
& —8a®+12a (b? + ¢?) + 3a? (—110% + 32b%c* — 11¢)
+3 (b402 + b204) + b8+ 5 =0.

Consequently, we have proven that relative minimum points of the harmonic mean

2
1 n 1
PB2  PC?
coincides with the centroid of the triangle ABC, or its symmetrical point with respect to mid-
point of side BC' if and only if it holds the expression

—8a5 +12 (0% + ) a* + 3 (—11b% + 320%c* — 11¢*) a® + 3 (b*e? + b%c!) + 8 + S =0, (38)
where
a=BC, b=AC and c¢=AB. (39)
Numerical simulations

It is worthwhile to observe that if we define the polynomial

¢ (a,b,c) = —8a’ + 12 (b* + ) a* + 3 (116" + 320*c* — 11c*) a® + 3 (b'c® + b*c) + 0% + ¢,

then
¢(a,b,c) = ¢(a,c,b).
This result might be expected from the beginning because of the restriction
m
o= /AMC € (0, 5} .
Another interesting property of this polynomial ¢ is that it is homogeneous of degree six
since

¢ (ka, kb, kc) = k8¢ (a,b,c), forevery k€R and (a,b,c) € R3.
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For numerical simulation of the main result obtained in preceding section, we must find
triples (a, b, c) € R3 in the first octant in three dimensional space such that

¢ (CL, b7 C) = 07
and all following existence conditions hold
0<a<b+ec, 0<b<a+ec, and 0<c<a+bd. (40)

Now, as discussed in an early section, to proceed we need to separate our study into two
cases.

. T
First case: 0 < a < 3

To begin with, let us observe that we can perform most of the previous calculations
with algebraic software, like Maxima or Maple. This adds efficiency and speeds up the task of
obtaining the results shown.

In addition, it provides an elegant alternative to achieve triples (a, b, c) € R? in the first
octant such that ¢ (a,b,c) = 0 and satisfying the existence conditions (40).

For a specific example, let us assign

a:=3 and c:=4.
From (38), utilizing algebraic software, like Maxima or Maple, we have
b8 — 249p* + 15564b% — 62216 = 0. (41)

Using software, it is readily shown that the solution set of (41) is

{\/10 ,—V/101, \/74 — 18V/15, —\/74 — 18v/15, \/74+ 18\/ﬁ,—\/74~|— 18\/5} .

Now it can be seen that the unique solution of (41) satisfying the existence conditions
(40) is given by

b=1/74 — 18V15.

The following Maple code can be used to accomplish the above task.

restart;

with(Student) ;

N:=(a,b,c)->c 6+ (-33*%a"2+3*b"~2) xc "4+ (12*a"4+96%*a"2xb"2+3*b~4) *c"2
-8%a”6+12*%a”"4xb"2-33*%a"2*¥b"4+b"6;

S:=b->N(3,b,4);

solve(S(b),b);

evalf (solve(S(b),b));

In conclusion, all these numerical results ensure that if we assume

a=3, b=+/74 — 1815 ~ 2.070338081, and c =4,

then, by a direct calculation, it holds

b <3, \/ 74 — 18V/15, 4) =0,
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and there exists a triangle ABC' such that

BC=a=3, AC=b=+74—-18/15 and AB=c=4, (42)

since triangle inequalities (40) are satisfied.
In this case, from expression (33), we obtain

cosa— —BHIBVID o~ 06948025807
3171 — 3615

< o~ 0.8025258016 radians

&~ 45.98134137 degrees.
From expression (36), the relative minimum of the harmonic mean occurs at
mo =~ 0.9364916725 and —my.

The figure below illustrates the behaviour of the harmonic mean for the numerical values
of the sides of triangle ABC given in (42).
We used Maple, but we could have used any other mathematical graphing software.

Figure 4: Graphic of the harmonic mean as function of y = PM.

23-
T3 -
2.1 4
24
1.9
18
£.74
~125 -1 -075 -050 -025 0 025 050 075 1 1
Source: figure created by authors using Maple.

b =
i

As might be expected from previous calculations, it is clear from this graph that the
relative maximum value of the harmonic mean is 2,25 at y = 0.

Since we have the numerical values of the sides of the triangle ABC), it is possible to
draw it using Geogebra, for instance.

On using this program, the triangle ABC given below has been created from the begin-
ning with only numerical values of its sides given in (42).

As consequence, one can use the program to verify the value of

a=/AMC = 45.98134 degrees,

and to measure dynamically the distance from P to M by moving point P over the straight line
defined by A and M.

Also, this allows to see that when P coincides with the centre of gravity G of the triangle
ABC or its symmetrical point G’, with respect to the midpoint of the side BC, the distance

from P to M equals

An interactive dynamic simulation of the triangle ABC given in Figure 5 can be visualized
from the hyperlink, moving point P < here > .
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Figure 5: Triangle ABC with BC' =3, AC = /74 —18y/15 and AB =4 .

A

Ve Y =0.68949

Source: figure created by authors using Geogebra.

Above picture shows point P located at a position in which

y = PM ~ 0.68949.

s
Second case: 3 <a<

|

Now, we assume that

\/41 + /1033 — 324V/3
a =
5

4
~ 15839357979, b=, and c=1.

Triangle inequalities (40) are satisfied. Hence, there exists a triangle ABC such that

41 + /1033 — 324v/3
BC’:a—\/ 3 \f,

= AC:b:% and AB=c=1.

From (32), it follows that

) EH 41 4+ /1033 — 324/3
A2 — \2D 25 o a2 - V1033 — 324V/3
- 4 N 100

ny \/41 — /1033 — 324/3
R4 =

10

& AM =~ 0.43907499019.

On using (33), we obtain

Sigmae, Alfenas, v.14, n.4, p. 84-100, 2025.
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2a- AM -cosa=c2 - o \/412—1033+324\/§-cosa:9

& /2292 (24 V3) cosa=9

1
22+ /3

& Ccosa =

<~ 1.308996939 radians

& a =~ 75.00001 degrees.

Next, we take advantage of the numerical values of the sides of the triangle ABC given
in (43) to build it using Geogebra, according to the following picture.

Figure 6: Triangle ABC with BC' =

41 + /1033 — 324/3
\/ : f7AC 4

:gandAle.

Vel y = 0.25683

Source: figure created by authors using Geogebra.

Above picture shows point P located at a position in which
y = PM =~ 0.25683.
Thus, one can use the program to verify the value of
a=/LAMC =~ 75.0 degrees,

and to measure dynamically the distance from P to M by moving point P over the straight line
defined by A and M.

An interactive dynamic simulation of the triangle ABC given in Figure 77 can be visu-
alized from the hyperlink < here>, moving point P.

Sigmae, Alfenas, v.14, n.4, p. 84-100, 2025.
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From our reasoning, it is apparent that when P coincides with M, the midpoint of side
BC, the distance from P to M equals zero and the harmonic mean reaches its minimum value

which is given by
a? 41 4+ /1033 — 324/3

4 100

0.62721315299

Q

~ 0.627.
Also, it follows from (43) that

1 s 2 2-V3 V3B
2 4 4 4”7

g2 = L+ V1033 — 324V/3
B 25 ’

and

i (41 +1/1033 — 324\/§> (41 +1/1033 — 324\/§>
25 25

412 + (1033 — 324V/3) + 821/1033 — 324V/3

625
9 (1357 —162v/3 + 41/1033 — 324\/3)
- 625 '

Hence, according to expression (8), it is clear that the harmonic mean as a function of
y = PM takes the form

2
A T
_.|_
PB2 " PC?
L, V3 (41 + V1033 - 324\@ , 1357 —162v/3 +41/1033 — 324V/3
4y* + y°+
_ 25 1250
sy AL \/10;3; —3244/3

The figure below illustrates the behaviour of this harmonic mean f for the numerical
values of the sides of triangle ABC' given in (43).
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Figure 7: Graphic of the harmonic mean as function of y = PM.
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Source: figure created by authors using MAPLE.

From the graph we also note that minimal value of the harmonic mean f occurs at y =0

with £(0) ~ 0.63.

Conclusion

In this article, using a triangle ABC whose straight line AM is the median relative to
the side BC, we have investigated the behaviour of the harmonic mean function of the squares
of PB and PC for any point P on AM.

We have shown, amongst other algebraic results, that P is a relative extremum point of
this harmonic mean, and centre of gravity of the triangle if and only if the sides of the triangle
are roots of certain homogeneous polynomial of degree six.

We have also presented some numerical simulations to illustrate the study carried out.

The work developed here proves to be important by bringing additional properties to
the triangle’s centroid, namely, it provides a characterization of the triangles that have the
centroid as an extremum of the aforementioned harmonic mean function. The subject has broad
possibilities for further development, considering other cevians and other functions on them.

A possible limitation to the study would be the difficulty in algebraically finding the
roots of the function to be studied, depending on the chosen cevian and the chosen function
itself.
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