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Abstract: In this study, we bring into light of the gaussian bi-periodic Fibonacci and gaussian
bi-periodic Lucas sequences. The Binet formula as well as the generating function for these
sequences are given. The convergence property of the consecutive terms of this sequence is
examined after the well-known Cassini, Catalan and the D’ocagne identities as well as some
related summation formulas are also given.
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Introduction

Due to the numerous applications of integer sequences such as Fibonacci, Lucas,
Jacobsthal, Jacobsthal-Lucas, Pell etc in many fields of science and art, there have been many
generalizations on them over the last century. You can see some of these different
generalizations in all our references. Fibonacci and Lucas sequences are defined by the
recurrence relations f,, = f,_1+fn—> Withthe initial conditions f, = 0, f; = 1. The classical
Lucas sequence is defined as [, = l,_1+1,_, with the initial conditions [, =2, [; =
1 respectively. For any natural number n and any nonzero real numbers a and b, the bi-periodic
Fibonacci sequence was defined recursively by Edson and Yayenie (2009), Yayenie (2011) and
Yayenie (2012) as

_ {aqn_1+qn—2 if nis even
In = {an—1+qn—z if nis odd (n22) 1)

with the initial conditions g, = 0, q; = 1. Bilgici (2014) defined the bi-periodic Lucas
sequence by the following recursion relation

bL,_1+L,_» if niseven
= >
Ln {aLn_1+Ln_2 if nisodd (n=2) ©

with the initial conditions L, = 2, L; = a. He also found some interesting identities between
the above two sequences. From (1) and (2), the nonlinear quadratic equation for the bi-periodic
Fibonacci and the bi-periodic Lucas sequences is

x> —abx—ab=0
with roots

ab+Vva?b2+4ab ab—vVa?b2+4ab
g = 2abHtab gng g = dpoYarbriaad 3)

2 2
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a and S defined by (3) satisfy the following properties:

(a+D)B+1)=1

a+pf =ab, aff =—ab
o€ gl

a+ _ab'ﬁ " ab

—B(a+1)=a, —a(B+1) =p.

IR

For every n belonging to the set of natural numbers, the Binet formula for the bi-periodic

Fibonacci sequence is
al—f(n) (an _ Bn)
n = n €))

@p)lzl\ @= B

and the Binet formula for the bi-periodic Lucas sequence is given by

asm
Ly = ——5gg; (@™ + B7), ()
(ab)[TJ

where |a] is the floor function of a and é(n) =n — 2 EJ is the parity function (EDSON;
YAYENIE, 2009; YAYENIE, 2011; YAYENIE, 2012; BILGICI, 2014).

Uygun and Owusu (2016, 2019) gave some basic properties of the bi-periodic Jacobsthal
and bi-periodic Jacobsthal Lucas sequences. Uygun and Karatas (2019, 2020) introduced the
bi-periodic Pell and Pell Lucas sequences. In Younseok (2019), Choo examined some identities
of generalized bi-periodic Fibonacci sequences. Coskun and Taskara (2018) defined the bi-
periodic Fibonacci and Lucas matrix sequences. Fibonacci and Lucas sequences have recieved
so much attention over the years.

The authors have made many generalizations for them. Jordan (1965), Harman (1981)
and Pethe and Horadam (1986) carried out Fibonacci and Lucas sequences to complex plane.
Asci and Gurel (2013) studied gaussian Jacobsthal and gaussian Jacobsthal Lucas numbers.
Gaussian Pell and Pell-Lucas numbers were introduced by Halici and Oz (2016). In this note
we made a new generalization for the Fibonacci and Lucas sequences which we shall call them
the gaussian bi-periodic Fibonacci and the gaussian bi-periodic Lucas sequences. We will then
proceed to find their generating functions as well as the Binet formulas for them. The
convergence properties of the consecutive terms of these sequences will be examined after
which Cassini, Catalan and D’ocagne identities as well as some related formulas and properties
will be given.

Basic properties of Gaussian bi-Periodic Fibonacci and Gaussian bi-Periodic Lucas
Sequences

Definition 1 For any two non-zero real numbers a and b, a new generalization for the Fibonacci
sequence {&Fm}m=0. Which called the gaussian bi-periodic Fibonacci sequence is defined
recursively by

_ (a%p—1+Tn—2 if niseven
B = {bi}n_1+‘8;n_2 ifnisodd (=2 (6)
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Wlth %0 = ai, %1 =1.

For any two non-zero real numbers a and b, a new generalization for the Lucas sequence
{2, };m=0, Which called the gaussian bi-periodic Lucas sequence is defined recursively by

_ (bg 118, if niseven
En = {aﬁn_1+2n_2 if nisodd (n=2) @)

with &y = 2 — abi, &, = (1 + 2i)a.
The first five elements of the gaussian bi-periodic Fibonacci sequence are
Fo=ai, F=1, ¥, = a+ ai, X3 =ab + 1+ abi, ¥, = (a®b + 2a + a?b + a)i.
The first five elements of the gaussian bi-periodic Lucas sequence are

Ry = 2 — abi, 2, = (1+ 2i)a, L, =ab+2+abi, 8;=a’*b+3a+ (a®*b+2a)i,
2, = a’b? + 4ab + 2 + (a®b? + 3ab)i.

The Binet formula for the gaussian bi-periodic Fibonacci sequence as follows

a~fm™ (1 —ip)a™ — (1 — ia)B"
5 - < ) ®
" (a2 a=p
The Binet formula for the gaussian bi-periodic Lucas sequence is given by
asm
L =——Fz (A —ip)a™ + (1 - ia)f™). 9)
(ab)lTJ

The relation between the bi-periodic Fibonacci and the gaussian bi-periodic Fibonacci
and the relation between the bi-periodic Lucas sequence and the gaussian bi-periodic Lucas
sequence are summarized as

5 = {qn + aig,_ if niseven
" qn + bign_q if nisodd
@ = {Ln +ail,_1 if nis even
" L, + bil,_4 if nisodd

Lemma 2 The gaussian bi-periodic Fibonacci and Lucas sequences satisfy the following
properties:

an = (@b + 2)Fon-2 — Fon-a
Fan-1 = (@b + 2)F2n-3 — Fan-s,
Lon = (ab + 2)8n_ — Lop—s,
Lon-1 = (@b +2)Ly5_3 — Lop_s

Proof: By the recurrence relations of gaussian bi-periodic Fibonacci and Lucas sequences, we
get

Fan = a2n-11+2n—2

= a( bFrn-2+F2n-3)tT2n—2
= (ab + DFn—2 + B2n-2 — Fan-a)
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= (ab + 2)Fzn—2 — Fan-s
The other proofs are made similarly.

Theorem 3: The generating function for the gaussian bi-periodic Fibonacci sequence is
demonstrated by

ai + x + (a + ai — a?bi — 2ai)x? + (abi — 1)x3

Fix) = 1— (ab + 2)x? + x*

Proof: The generating function is given as

F(x) = Z Fmx™ =Fy(x) + Fi(x) = Z Fomx 2™ + 2%2m+1x2m+1 _
m=0 m=0 i=0

We simplify the even part of the above series as follows
Fo(x) = Xm=0Tomx*™ = ai + a(1 + D)x* + T3 o, Fomx®™ .
By multiplying through by (ab + 2)x? and x* respectively, we have

(ab + 2)x%Fy(x) = ai(ab + 2)x? + (ab + 2) Z Fam_zx ™,

m=2
and
x*Fo(x) = Lm=2 Sam-ax™.
By using Lemma 2, it is obtained that

ai + (a + ai — a?bi — 2ai)x?

F =
0o(®) 1—(ab + 2)x2 + x*

Similarly, the odd part of the above series is simplified as follows

Fi(x) = Z Fome1X2™ L =x + (ab + 1 + abi)x3 + Z Fomar X2

m=0 m=2
By multiplying through by (ab + 2)x? and x* respectively, we have
(ab + 2)x2F,(x) = (ab + 2)x® + (ab + 2) z g1 X2MHL
m=2

and

[o'e]
AR () = ) Fomogx?™H.
m=2
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By using Lemma 2, it is obtained that

x + (abi — 1x3

Fa(x) = 1—(ab + 2)x% + x*

By combining the two results, we have

F(x) = Fy(x) + F1(x)
_ai+x+ (a+ai —a®bi — 2ai)x? + (abi — 1)x*
B 1—(ab + 2)x? + x* '

Theorem 4: The generating function for the gaussian bi-periodic Lucas sequence is denoted by

2 —abi + (1 +2)ax + (—ab — 2 + (a®*b? + 3ab)i)x? + (a — (a®b + 2a))x3
1—(ab + 2)x2 + x*

L(x) =

Proof: The proof is similar with the proof of Theorem 3.

Theorem 5: The limits of every two consecutive terms of the gaussian bi-periodic Fibonacci-
Lucas sequence are generalized as

. L8;'271+1 a . %Zn ¢4
lim =—, lim =—
n=© Yan a nooFop_1 b

. Lo« . 2n a
lim = -, lim =—
n—oo n b N0 Loy _q a

n
Proof: Taking into account that |f| < a and lim (ﬁ) = 0, we have
n—-oo

a

%((1 —i ﬁ)a2n+1 + (1 _ ia)ﬁZ"“)
S _ @)z

T S T (A= i P + (1 - i)
2n+1
@((1—iﬂ)+(1—ia)(§) >
_ (ab)| 2 il
N T By b
<ab)|2’;—+1J< o))

The other proofs can be made similarly. From this theorem we can conclude that the
gaussian bi-periodic Fibonacci and the gaussian bi-periodic Lucas sequences do not converge.

Theorem 6: (Binomial Sums): Let n be any nonnegative integer, then we have
n n K
> (7) ¥ ®(an)ll g = o,
k=0

Z (:) af(kﬂ)(ab)l%J Sk+1 = AB2n+1,

k=0

and
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n

k
Z (Z) af(kﬂ)(ab)l ;1] L = alyy,
k=0

n
k
Z (:) af(k)(ab)lﬂﬁkﬂ = Lon41-

k=0
Proof:
- k - (1—ip)a™— (1—ia)p"
kZO(Z) af(k)(ab)lngk — ;(Z)aK l aa_ p ia )]
P (1_iﬁ);(z)ak_(1_ia),;(z)ﬁk]

=l -ipa+ D" - A - i) +1D"]

_a (A" NN
=gla i (G) —a-w(G)

q1-§@n) [(1—i p)aZn—(l—ia)an]
a-p

B (ab)l27nJ

= S2n-

Theorem 7: (Catalan Identity) For all integers n and r, with n > r the Catalan’s identity for
the gaussian bi-periodic Fibonacci and the gaussian bi-periodic Lucas sequences are given by

arE(m+r) ar§m g
G BeBee=(5) W=-COTA-@A-ip(G) e
E(n+r) b &) b E(r+1)

Gt —(2)  B=COTA-@G-ip@ 2 (Z)  d

b
G
Proof: For the proof we use the following properties
n—r n+r
E(n+r)+[ 5 J+l > J=n,
ﬁn+ﬂ—l

n—-r+1 n+r+1
PO
f(n)+2[§]=n, f(n)—zln;’1J=—n.

2

By using Binet's formula, it is obtained that

a~Em+m) arEm+r) [g1-§(n-1) gl=§m+m)
b (E) Sn—r8n+r = b (E) n rJ n_+rJ
2

@)1/ \ (an)l
(1 —iB)a™" — (1 — i)™\ (1 — i Ba™ — (1 — i) ™"
() ()

B az—f(n+r)b1—f(n+r) (1 _ iﬁ)an—r _ (1 _ l-a)ﬁn—r (1 —i ﬁ)an+r _ (1 _ L-a)ﬂn+r
~ (ap)ntn) ( a=p >( a—p )
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a <(1 —ip)Pa -1 —ia)A—iB)@B)" " (a* + )+ (1 —i a)2ﬁ2”>

" (ab)™1 (@— B)?
aEm
b(;) =
_ gEm £ (aHf ”‘)) <(1 — i p)2a® = 2(1 — ia)(1 — i B)(ap)" + (1~ i a)2ﬁ2”>
(ab)Z[QJ (a — B)?

_ a ((1—i Ba?—2(1—ia)(1—i B)(aB)*+(1—i a)z,[i‘zn)

(ab)n~1 (a— p)? '

Then

ané(m+r) arém)
b (E) %n—rc&nﬂ* —b (E) 31
_a 1 -i)@A =i D[—(@p)™ " (@* + )] +2 (ap)"
~ (ab)™1 (a — B)?

_a(l—ia)(1-ip) ay [(—02T =B + 2 (ap)"
=T @y 9P ( (= p)? >

_ —Cl(l - la)(l - lﬁ) (aﬁ)n_r (ar — ‘81'>2

(ab)n~1 a— B
—(-D™7a(1 - ia)(1 - i B) (ab)?l2]
B (ab)r1 q2—28m dr

— _(_1)n—r(1 _ ia)(l _ l-ﬂ)a—1+2§(r)+1—f(r)bl—f(r)qrz
, ™

=—b(-D"TA-i)1-ip)(3) o’

which completes the proof.

Corollary 8 (Cassini Identity) For any number n belonging to the set of positive integers, we
have

(%)E(n-'-l) Sn-18n+1 — (g)f(n) Fa=(-D"A-ia)(1—ip) %,

&(n+1) b &(m)
Guaun - (2)  B= (DA - i@ - f)(ab+2)

9

Proof: This is a special case of the Catalan identity in which the value of r is 1. Therefore the
Cassini' s property can easily be proven by a mere substitution of » = 1 into the Catalan identity.

Theorem 9 (D'ocagne's property) For any numbers m and n, belonging to the set of positive
integers, with m > n, we have

@AM AT, 1 Gy — @S TEOPEOIIIG, Ty = (DS = i) (L = 1 ) Gmens

af(mn+m)b€(mn+n)ﬁm+1gn _ as‘(mn+n)b§(mn+m)gm3n+1
= (—D"a*™ M (ab + 2)(1 — ia)(1 — i B)Gm-n-
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Proof:

a1-Em)\ [ g1-Em+1)
w = af(mn+m)bf(mn+n)%n+1%m — af(mn+m)bf(mn+n) ImJ
@zl \ @p)l'7]

((1 LB)a::—él la)ﬁm) ((1—iﬁ)a";1_—;1—ia)ﬁ”+1)

B abf(mn+n)a1—E(m)—f(n+1)+f(mn+m) ((1 —i ﬁ)am _ (1 _ ia)ﬁ‘ﬂl) ((1 _ i,B)an+1 _ (1 _ ia)'gn+1>
(ab)l%(ab)l%ﬂ a—p a—p

abf(mn+n)af(m—n)—f(mn+m) ((1 —i ﬁ)am _ (1 _ ia)ﬁ‘ﬂl) <(1 _ i,B)an+1 _ (1 _ ia),B"“)

(ab)w+f(mn+n)+n- a—f a—pB

bf(mn+n)af(mn+n) ((1 —i B)am _ (1 _ ia)ﬁﬂl) <(1 _ iﬁ)an“ _ (1 _ ia)ﬁ"“)

(a )M+f(mn+n)+n. a—f a—f
_ a(ab)™
m-n-— f(m n)
(ab)
<u—lm%@M“+u—i@%WMH (o)L~ e (™" 2577
' (a — B)?

al_g(n) al_{:(m‘l'l)
Q= af(mn+n)b$(mn+m)%ng_m+1 — af(mn+n)bf(mn+m)( IQJ —
(ab) 2 (ab)lTJ

((1 lﬂ)aa —;1 la)B”) ((1—iB)amJ::_—;1—ia)Bm+1)

B abf(mn+m)al—{(m+1)—€(n)+€(mn+n) ((1 —i ﬁ)an _ (1 _ ia)ﬁﬂ,) <(1 _ iﬁ)am“ _ (1 _ ia)ﬁm“)
@)z (a2l a=p a—p

bf(mn+m)af(m—n)—f(mn+n) <(1 _ iﬂ)a" _ (1 _ ia)ﬂﬂ) ((1 _ iﬂ)a"”’l _ (1 _ ia)ﬁm+1>

(ab)w+f(mn+m)+n . a— B a— B
B a(ab)™
m-n— S(m -n)
(ab)
<(1 —i ,8)2 min+l 4 (1 —i a) ﬁm+n+1 _ (1 _ la)(l _ Lﬁ)(aﬁ)"(am n+l 4 ﬂm n+1>
(a— B)? '

w—@Q = af(mn+m)b€(mn+n)%n+1%m - af(mn+n)b€(mn+m)g,ng.m+1

_ a(ab)™ ((1 —ia)(1 —iB) (@) (—Ba™ ™ —a f™ " + am—n+1+ﬁm—n+1>
(T (a=py
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_ aC=D" ((1 —ia)(1—iB)(a™™ — ﬁm—n>
@l 7] a— g
= (—D"af™ (1 —ia)(1 = i B)Gm-n-

Theorem 10: The sum formulas for the gaussian bi-periodic Fibonacci and the gaussian bi-
periodic Lucas sequences are given

"i | prEmgEMg 4 g1EmpEM | iah — a(1 — iab)
i = ab ’
k=0

pMal=¢mg 4 p1-¢Mgitg | +1 —2i —iab + a(—2 + iab)
ab '

n-2 n-2
n—-1 2 2
Sk = Sak+1 T+ Z a2k
k=0 k=0 k=0
n-2 n-2
2 2
1 1 —-ip)a?t — (1 —ia)p?k*1 1-ip)a?* -1 —ia)p?*
“a—§ ,ZO (ab)* ta ; (ab)*

1 ((Hﬁ)(a““—a(ab)%(ﬁz—ab)—(l—ia)(ﬂ““—ﬂ(ab)?)(az—ab))
a- (ab)?‘l(aZ—ab)(ﬂZ—ab)

a ((1 —iB)@" — (ab)D)(B? — ab) — (1 — i @) (B" — (ab)Z)(a® — ab))

+ n
a=F —(ab)2"*(ab)?

(@b)?((1— i pa™ — (1 — i @)f™Y) — ab((1 — i f)a™ — (1 — i ) ™)
1 +(@bh)z (@1 =i ) — (1 — i @)B) — (ab)Z(a(1 — i @) — (1 — i)B)
a— B _(ab)g+2

(ab)*(1—iB)a™? -1 —-ia)f"?) —ab((1—-ip)a"— (1 —ia)s™)
a +(ab)g+1(—1 +ia+1—ip) — (ab)§+1(a2(1 —ia)— (1—ip)B?) )

+ n
a— ,Bk —(ab)7+2

= —Lab [%n—l - %n+1 + iab + %n—z - %n - ai(l + ab)]

1
=— [a%n—1 + bF, — iab — a(1 — iab)].

If n is odd, then
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n-3 n-1
n-1 2 2
Sk = ) Bak+1 t z B2k
k=0 k=0 k=0
n=3 n-1
1 (1—iB)ak* — (1 — ia)B2* & (1—iB)ak — (1 — ia)B2*
P ;) (@) Ta Z (@)

1 ((1 —iB)(a" - a(ab)nT_l)wZ —ab)— (1— i )(B" — f(ab) 2 )(a® — ab))
-k (ab) (a2 - ab)(B? — ab)

L@ ((1 i p)(@™ — (ab) 7 )(/32 —ab) = (1— i @) (B — (ab) 2 )(a? — ab))
a=p (ab)'T (a2 — ab) (B2 — ab)

/(ab)zm — iR — (1 — i @)B™?) — ab((1 — i B)a” — (1 — i a)B™)
1 1 (ab)' T (a® - B2 + (B — a®)i) + (ab) 7 (a — )i

a—pf | n+3 |
(ab)'2

/(ab)z((l —ifa" =1 —-ia)p" ) —ab((1 - i)™ — (1 —i 05).37”1)\
+(ab)nT+1(ﬁ—ﬁ2i —a+a?)+ (ab)nTH(a - B)i )

= k (ab)'T

= —— [Fn-1 — Gner + iab + Fu_y — Ty + a(1 — iab)]
1
= —-[a8n + bFn_y — iab — a(1 - iab)]

If we combine the results we get the desired result.

Conclusion

In this manuscript the gaussian bi-periodic Fibonacci and the gaussian bi-periodic Lucas
sequences are defined on the complex plane. The basic properties of these sequences are
obtained such as Binet formulas, generating functions, D’ocagne formulas, Catalan identitie...
Simple formulas for the sum of the first n th elements of the sequences are denoted.
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