ISSN: 2317-0840

Certain integrals of generalized hypergeometric and confluent
hypergeometric functions

Dinesh Kumar!'

L Department of Mathematics & Statistics, Jai Narain Vyas University, Jodhpur - 342005, India

Abstract: In this paper, we aim at establishing certain finite integral formulas for the general-
ized Gauss hypergeometric and confluent hypergeometric functions. Furthermore, the F,ga’ﬂ)(a, b;c; z)-
function occurring in each of our main results can be reduced, under various special cases, to
such simpler functions aes the classical Gauss hypergeometric function oFy, Gauss confluent hy-

pergeometric function gopa’ﬁ)(b; ¢; z) function and generalized hypergeometric function ,F,. A
specimen of some of these interesting applications of our main integral formulas are presented

briefly.
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Introduction and Preliminaries

In many areas of applied mathematics, various types of special functions become essential
tools for scientists and engineers. The continuous development of mathematical physics, prob-
ability theory and other areas has led to new classes of special functions and their extensions
and generalizations (see, for details, ( ) and the refer-
ences cited therein; see also ( ), ( ),

(2012)).
A lot of research work has recently come up on the study and development of the functions,
which are more general than the Beta type function 8(z,y), popularly known as generalized Beta
type functions. These functions, as a part of the theory of confluent hypergeometric functions,
are important special functions and their closely related ones are widely used in physics and en-
gineering. Moreover, generalized Beta functions ( , ; ,
) have played a pivotal role in the advancement of further research and have proved to be
exemplary in nature. The Euler’s gamma function I'(2) is one of the most fundamental special
functions, because of its important role in various fields in the mathematical, physical, engineer-
ing and statistical sciences. Various generalizations of the gamma function can be found in the
literature ( , : , : , :

Y ’ Y )

The following extension of the gamma function is introduced by ( ):
St rexp (—t—2) dt, R(p)>0;2€C
Iy (2) = { r(), R(z)>0 )
The extension of Euler’s beta function is considered by ( ) in the following
form:

1 —
Bp (x,y) = /0 "t =) exp (t(l ft)) dt, R(p)>0,R(x) > 0,R(y) > 0. (2)

( ) used B, (z,y) to extend the hypergeometric function, known as the ex-
tended Gauss hypergeometric function, as follows:

By (abic:2) Z ) BBy 00 > R W) >0 3)
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where (a),, denotes the Pochhammer symbol defined as

I'la+n) [ 1,n=0; ae C/{0}
@n=—F@a { a(a+1) (a+2) ... (a+n—1), n€NaeC.

The integral representation of Euler’s type function is

1 _
F, (a,b;c;2) = B(b,lc—b)/o P (1= (1—2t) "exp (t(lft)> dt, (4)

where p > 0 and |arg(l —2)| <7 <p;R(c) > R(b) >0
Also, the extended confluent hypergeometric function is defined as

b G Z Z Bp b;)HZ Cb b (n)l » p=0, %(0) >%(b) >0. (5)

The transformation formulas, recurrence relations, summation and asymptotic formulas, dif-
ferentiation properties, the Mellin transforms and some new representations of these extended
functions can be found in many earlier work ( , ; , ;
: ; , ; ; )-
The generalized Euler’s gamma function is defined in ( )
as

Féa,ﬂ)<m):/wtx_11F1 (a8t =2) dt, R(@) > 0.R(B) > 0.R(p) > 0, R(2) > 0. (6)
0

Recently, ( ) introduced and studied some fundamental properties and characteris-
tics of the generalized Beta type function ﬁz()a’ﬁ ) (x,y) in their Ph.D. Thesis and defined by (see,
e.g., ( , D. 32)):

1
8,(@f) (a:,y):/o " (1—t)r 7 F < Lo t)> dt, (7)

with R (p) > 0,min (R (2), R (y),® (a), R (8) > 0 and ™ (2,y) = B (), where 8 (z,y) is
a well known Euler’s Beta function defined by

1
B (z,y) =/ 1= e, (R(2) > 0, (R(y) > 0). (8)

0

Similarly, by appealing to 8, (z, y), Ozergin et al. introduced and investigated a further exten-
sion of the following potentially useful generalized Gauss hypergeometric functions defined as

follows (see, e.g., ( , . 4606, Sec. 3); see also ( ,
p. 39, Ch. 4)):

I (a,) (a b: e Z) o i (a) Bp(a:ﬁ) (b +n,c— b) ﬁ (|Z| < 1) (9)

P Y _n:O " B (b,c— D) n!’ ’
and of)
( +B5p) B, %P (b4, c—b) 2"
(b 2) Z iy (<), (10)
corresponding integral representations are given by ( ):
1

1 _
F{*P) (a,b;¢;2) = ﬁ(bc—b)/o A=) R (06;5; t@%) (1—2t)""dt, (11)
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for R(p) >0, and |arg(1 —z)| <7 < p; R(c) > R (b) > 0.
It is obvious to see that ( , )E

Fp(a’o‘) (a,b;c;2) = Fp (a,b;c; 2), Féa’ﬁ) (a,b;c;2) = oF (a,b;¢; 2) ;

1F1(a’a;p) (byc;2) = 1FP (bye;2) = ¢p (b5 65 2) 1F1(a’ﬁ;0) (byc;2) = 1F1 (b5 2) . (12)
where the 2F;(.) is a special case of the well-known generalized hypergeometric series ,Fy(.)
defined by (see, e.g., ( , Sec. 1.5); see also
(1985)).

| G ] a3 O O a9, (9

where 2 € C,p<¢q, 0;,5; €C,3; #0,—-1,-2,..., (1 =1,2,...,p, j=1,2,...,q).

n=0

Integrals involving generalized Gauss hypergeometric and Con-
fluent hypergeometric function

In this section we calculate the F,Ea’ﬂ ) (a, b; ¢; z)-function with some algebraic function.

Theorem 1. For the generalized Gauss hypergeometric function, we have the following integral
1
/0 P (1—x) ot FISO"B) (a,b; c; k) dx

X (@), (1), B (04 nyc—b) k"

where, R} (p) >0, and |arg (1 —kz)| <7 <p; R(c) > R(b) >0
Proof. Making use of relation (9), it gives
1 7700 (ayﬂ)b 77bk:n
21:/0 P (1—x)° 17;)@)”510 ng’tﬁbc) )(:;) da
_ i (a) ﬁ[()a,ﬂ) (b +n,c— b) (k)n /1 P (1 _ x)pfa'fl dr
_n=0 " B (b,c —b) n! Jo
o B b+ nie—b) (B)"
= (a), Bn—p+1l,p-o0)
ng() B (b,c—b) n!
oy B bane=b) ()" Tn—p+ 1)L (p—0)
_T;)(a)" B (b,c—b) n! F'n—o+1)
_T(1-pT(p—o0) i( ) By (b+n,e—b) ()" (1—p),
N I'(l1-o) = B (b,c—b) n! (1-o0),
_ (@), (1= p)y ™7 (bt myc— b) &
_6(1_p7p_0-)n§0 (1_J>n ,B(b,C—b) W
This complete the proof of the Theorem 1. O

If we set p = 0 in above result then we obtain the special case of (14) in terms of classical
Gauss hypergeometric function as given in the following result:
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Corollary 2.

1—0

1
/ 2P (L—a)" 7' oF (a,bic;ka) do = B(1—p,p—0) 3F ( @51~ k) - (15)
0

The integral of Gauss Confluent hypergeometric function is given by

Corollary 3.

1
/x_”(l—ac)p_a ! (O‘B)(bckx)d
0

N 857 (b4 n,c — b) (k)"
:;5(1+n—ﬂm—0) b Bbc—b) T (16)

Moreover, for the generalized hypergeometric function ,F,, we have the following corollary:

Corollary 4.

1 )
P (1—z) ' F [ ALy e A3 kx} dx
/0' ( ) b 617"'7/8(1;

ALy eeey O ,1 ,o
=B(1—-p,p— F, P i k 17
ﬁ( PP U) p+1Lg+1 |: 51’ . ;Bqa :| ( )

fOTxEC,pf q; a]aﬂj E(C,,B#O,—17—2,,Z: (m)vj = (TQ)

Theorem 5.

/ P (x—1)7"1 FZSO"B) (a,b;c; kx) dzx
1

B = (a), (p)_, ﬂ(a’ﬁ) (b+mn,c—b) k"
_5(0’[)_0);(,0—0)_“ P IR (18)
Proof. 5
I el o1 (b+n,c—0) (kx)"
B= /1 - Z Be—b) m

= i (aﬁ) (b +nc—b) (k)" /00 cTP (2 — 1) da.
=0 1

,c—Db) n!
Let x =1+ ¢, then we arrive at
o0

(OZ,,B) n [e.9]
_ p " (b+n,c—b) (k) o1 —ptn
Iy = E (a),, Fhc_b) o /0 (1 4t)7PT de,

n=0

using the formula

T'(a)T(8) =T (a+p) /oo 2 (14 2) @) gz, (19)
0
then we have @.5)
N u By (b+n,c=b) (k)" T (o)L (p—0 —n)
12_7;]()” B (b,c—b) n! I'(p—n)

B - [ee) B}()%ﬁ) (b + n,c — b) (k‘)n (p)—n
=B(o,p U);(“)n B(b,c—b) nl (p—o)_,

This complete the proof of the Theorem 5. O
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We can also obtain special cases of Theorem 5 as done in Theorem 1.

Theorem 6.

/ e*kxa:plep(a”B) (a,b;c;lz) dz
0
o~ L' (0) By P (b4 —b) (1"
=S 20 0, L), ko (20)
ot kP n!B (b,c —b) k
Proof. Using (11) and (1 —lzt) * =3, n, =~ (lzt)", we have

1
T tb 1 cb 1 —kx p—1 F
- Bb,c—b/ / o iy

X a*llxt da dt, (21)
n=0 s
1 > b+ 1 cbl —k +n—1
gn— zgptn=l, F da dt
" B(bc—b) Z / / R 7 ) <1—t> !

= (a), I / —kx,p+n—1 /1 b+n—1 c—=b—1 ( )
=S Ul [ mhagptnlgy [gbtn=l(q g P (o8 dt
2 Gl vl )y LA s

0 n 0o
= Z el (b(ac)” byl / e ke gpptn=l ﬁl(,a”g) (b+mn,c—0b), dz
n=0 e /0

1 [ o\ prtn—1 1 ee
- —o (© _ —0 ptn—1
: /0 e (k:) do = = /0 e 7 (o) do

because,

then we have

£y = 3 @l () 4 e =) (1)
3 kel 3 (b,c—b) k)
This complete the proof of Theorem 6. O
If we set p = 0 in (20) then we obtain the following corollary:
Corollary 7.

o r : l
/ e kTPl Ry (a,b;c;lz)dx = ﬂgFQ < a,b;p ; ) , k#DO0. (22)

0 kP c k

The integral of Gauss Confluent hypergeometric function is given by the following result:

Corollary 8.

/ e ke gp—l 4,01()“’*3) (b; ¢;lz) dx
0

(avﬁ) n
(p+mn) (b+n,c—0b) (1
= - k # 0. 23
Z kP n! B (b,c—b) k)’ 7 (23)
This result is in complete agreement with the result given in ( , , p.98).

Next, for the generalized hypergeometric function ,Fy, we have the following corollary:

Sigmae, Alfenas, v.5, n.2, p. 8-18. 2016.
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Corollary 9. Forz € C,p < q;0;,8; € C, B #0,-1,-2, .. (z =(1,p);j = (l,q)), we have
r l
(p) A1y .y Qpy P k 7& 0. (24)

oo
—kx,.p—1 A -.ey Ap; :| — _

e “fx F, lx| dx = F, ; ,
/(; b= |: 617‘ 75(17 ke p+1%q 617~~7ﬁq k

Theorem 10.
/ 2Pt (x+pB)° FIS‘S’”) (a,b;c; kz) dx
0

> (6,m) b —b) k™
=800 =BT S @, Ol ) P (25)
Proof. o
© g M (b+n,c—b) (k)"
I4:/0 @+ h) g(a)n : B (b,c—0b) n! d

(5 n 00
& (b +n,c— b) (k) / :Ep—l—n—l (l’ + B)—o dz.
0

_Z B (b,c—0b) n!

Let © = 5t, then we arrive at
Ty — i (a) 5;51677]) (b +n,c— b) (k)n /BpfaJrn /OO thrnfl (1 + t)—a dt
e " B(b,c—1b) n! 0 ’

n=0

using the relation (19), then we have
F'c+n)T'(c—p—n)
I'(0)

0o 5(5,77) (b +n,c— b) (k)n n—o
I4:Z(a)n . B(b,c—b) n! B

n=0

= 6 ()4 o n
= B0 =) 3 B (0, (o), (0 — )y 2 ﬁ((’;j; m 2 b) (’;)'

)

n=0
then we easily get the R.H.S. of (25). This complete the proof of the Theorem 10. O
Theorem 11.
1
/ (1—2)’(1+2x)° Flgo"ﬁ) (a,b; c; kx) dx
-1
= 20773 (p+ 1,0 +1) i w87 b+ ) gt Lpt o422 T (26)
p n_o b c— b) Y p Y p Y n'
Proof.
L [ o e S (@), e = b) (k)
5 — 1 ( CC) ( IL’) —~ (a)n B (b,C _ b) ’I’Z‘ €L

= S (b n,e—b) ()" [
= d 1-2)’(1 7 2" dx.

nz:% G c—b) " /_1( )’ (1+x)7 2" dx
Now, by putting 5% =t = dx = —2dt, and using the integral representation of Gauss hyper-
geometric series

I'(c) ! b—1 c—b—1 —a

F(a,bc;r) = ———— t 1-t¢ 1-1¢ dt 27

(@.biea) = prpr o [ O (k) 27)

Sigmae, Alfenas, v.5, n.2, p. 8-18. 2016.
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then we arrive at the following result after a little simplification:

oot DA DT (04 1) X (), 857 (04 n,c —b) (k)"
T =207 T(p+o+2) nzo B(b,c—b) nl

X F(—n,p+1,p+0+2;2),
then we obtain the desired result in (26). This completes the proof. O

The next theorem considers the behavior of the generalized Gauss hypergeometric function
using the gamma function.

Theorem 12.
L (8) $l+1
i T T E\™ Tyix) =
o, CO)) T E S b ) = R T (- )
—_ @ 1, —-b— . 2
XTZO(H‘T"‘U!BP b+l+r+1,-b-1D=x (28)

Proof. Making use of (9), we have

- B (b4 n,y—b)am 1
Is = 2 lim ——
6= 2 @ G T Ty

by using (7), we obtain

= (a L e — z (1—t)7
IG:Z(F()IS/O AT (a;ﬁ;t(lft)>mr((—zzb)dt’

n=0

by setting n =1+ r 4+ 1 and using (7), it yields

l+1 o
0 ( s Z Hi}fl B b+1+r+1,-b—1)a"

=
then we arrive at the desired result in (27). O

The special cases of (28) for the generalized Gauss hypergeometric function and confluent
hypergeometric function are given in the following corollaries:

Corollary 13.

b) a+l+1,b4+1+1
- - o1 Wi Oy : : 2
Jim (CO) ™ oFs 0, biyi) = o F g s | T e 9)
Corollary 14.
> R brlr+1,-b—1)
; - Sl () b Bp ( ) —. (30
7133( () e (b §Pl+r+2 B(b,~l—0) i 60
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Integrals involving Gauss hypergeometric function with Jacobi
Polynomials

The Jacobi polynomial pleP (x) ( , , D- 254) is defined as following:

1
P () = gy

—n,l+a+p+n; 1—x

1+« 2 |’ (31)

where o F] is the classical hypergeometric functions; when a@ = § = 0, then the polynomial in
(31) becomes the Legendre polynomial ( , , p. 157).

We also have

(1+a),

P (1) = S
n:

Theorem 15. Integral formula involving Gauss hypergeometric function multiplied with Jacobi
polynomials is given by

1
/ (1 — )% (14 2)" PP (z) FIS‘S’") (a,b; c; kz) dx
~1

(D)2t B (i Ln 4 a+ 1) i 7 (b4 e~ b) k"
N n (n+B+1), — B (b,c—b) r!
“A—r,u+6+1, p+1;
F: 1]. 32
3 2[u+,8+n+1,u+oz+n~l—2; } (32)
Proof. By using (9), we have
1 > )(b+rc—b)(k‘z)”
T = A1 - 1+ )" Pl d
! /1x( 7 (1 +e TZ B (b,c—0) o
(517) (b roopl
_ +T,C—b) (k) Atr el © ple,B)
§: O d /_lx (1—2)* (14 2)* PP (2) da
Next, we use the following formula:
! 20T (u+ DT (n4+a+ 1T (u+ B +1)
A a w pla,p) — n ® o
1-— 1+ P dr = (-1
[ = ey P (@) do = (-1 S A e
F: 1 33
X32[u+6+n+1,u+a+n+2; } (33)

where o« > —1 and § > —1. Also, 3F5 is the special case of generalized hypergeometric series.
Then we arrive at

i Bp’")<b+r c=b) (k)" (=1)"2°" T (u+ DT (n+ o+ DT (u+ B+ 1)
B (b,c—0b) 7! T (u+B+n+1)T(p+a+n+2)

“A-—ru+B+1 p+1;

x gk
Pl p+B4n+lpta+n+2 |

by a little simplification, then we arrive at the desired result in (32). This completes the
proof. O

Sigmae, Alfenas, v.5, n.2, p. 8-18. 2016.
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Integrals involving Gauss hypergeometric function with Legendre
function

The Legendre functions are the solution of Legendre’s differential equation ( ,
, sec.3.1)
d’f df -1
2 2 2

where z, i, v are unrestricted.
1
If we substitute f = (2% —1)2" v, then (34) becomes

d? d
(1_z2)CTZZ—2(u+1)zé+[u(u_u)(wyﬂ)]:o, (35)
and with 6 = % — %z as the independent variable the above differential equation becomes as
following:
d’v dv
5(1—5)W+(u+l)(1—25)%+[u(u—,u) (p+v+1)]=0. (36)

The solution of (34) in the form of Gauss hypergeometric type equation with a = p— v, b =
p+v+1and ¢c=pu+ 1, as follows.

1
1 z4+1\2= 1 1
=Pl'(2) = F |- L l—p - —< 1—2<2 37
PPt = ()" F v iiom g g nes<a e
where P}’ (z) is known as the Legendre function of the first kind ( , )

Next, we derive the integrals with Legendre function.

Theorem 16. Integral formula involving Gauss hypergeometric function multiplied with Legen-
dre function is given as following:

1
/ 2ot (1- xQ)% P! (x) Féa’ﬁ) (a,b;c;kx) dx
0

C(—D)F 27 AT (14 4 v) i (@), B (b + n,c—b) k"
N rl—p+v) v B (b,c—b) n!
27"T (o0 +n)
X . 38
T I (F T ) -
Proof.
1 u > (a), B (b+n,c—b) (kz)"
Ta = o=1(1 - z2\2 pr n PP s d
; /0:” (=) ”(x)g B(b,c—b) n
Next, using the formula ( , , sec. 3.12) for R (o) >0, peN.
! u —1)# 277 # /7T (o) T (1
/ xg—1(17$2)’5 P! (z)dx = (-1 : VL ()T (1+p+v) ’ (39)
0 Tl—p+)L(5+5+5-5T0+5+5+%)
then we obtain
, i (@), B (b+n,c—b) (k)" (=) 2701/l (o +n) T (1 + p+ v)
8 = o+n v o+n 2%
[ e T ¥ (] (e g e Y (R e )
This completes the proof. ]
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Integrals involving Gauss hypergeometric function and Bessel
Maitland function

The Bessel Maitland function (also known as Wright generalized Bessel function) defined as
following ( , ):

S 1 (=2)"
JH — 1:2) = . 40
Theorem 17.
/ P JH (x) Fp(o"ﬁ) (a,b;c; kx) dx
0
_i(a)nﬁf’m (b+n,c—b) T'(p+n+1) k" )
~ B(byc—b) F(l+v—p—plp+n)) n
Proof.
a— a,f) n ]
(@), B (b+n,c—b) k /
Iy = n — Pl () d
? ;} B(b,c—b) a J, O @) de
Next, using the following formula ( , ):
> L(p+1)
P Jb (x) do = Rp)>-1,0<pu<l), 42
| @ - s o) ) (42)
then we arrive at the desired result in (41). This completes the proof. O

Concluding Remarks

We have obtained some new integrals involving Gauss hypergeometric and Confluent hyper-
geometric function. The results obtained here are basic in nature and are likely to find useful
applications in the study of simple and multiple variable hypergeometric series which in turn
are useful in statistical mechanics, electrical networks and probability theory. Some important
results are also given as special cases of our main results.
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