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Abstract: Balancing numbers n and balancers r are originally defined as the solution of the
Diophantine equation 1+2+---4+(n—1)=(n+1)+n+2)+---+ (n+7r). If n is a balancing
number, then 8n® + 1 is a perfect square. Further, If n is a balancing number then the positive
square root of 8n®+1 is called a Lucas-balancing number. These numbers can be generated by the
linear recurrences Bpy1 = 6B, — Bp—1 and Cp 11 = 6C,, —Cy,—1 where By, and C), are respectively
denoted by the n'* balancing number and n* Lucas-balancing number. There is another way to
generate balancing and Lucas-balancing numbers using powers of matrices

6 —1 17 -3
The matriz representation, indeed gives many known and new formulas for balancing and Lucas-

balancing numbers. In this paper, using matrix algebra we obtain several interesting results on
Lucas-balancing numbers.
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Introduction

Behera and Panda (1999) recently introduced a number sequence called balancing numbers
defined in the following way: A positive integer n is called a balancing number with balancer r, if
it is the solution of the Diophantine equation 1+24...+(n—1) = (n+1)+(n+2)+...+(n+r).

They also proved that the recurrence relation for balancing numbers is

Bn+1 =68, — Bn—l; n > 27 (1)

where B, is the nt" balancing number with B; =1 and Bs = 6.

It is well known that n is a balancing number if and only if n? is a triangular number, that
is 8n? + 1 is a perfect square (BEHERA; PANDA, 1999). Since 0 = 802 + 1 is a perfect square,
By = 0 is also accepted as balancing number. In Panda (2009), Lucas-balancing numbers C),
are defined by C,, = \/8B2 + 1 where B, is the n" balancing number. The recurrence relation
for Lucas-balancing numbers is same as that of balancing numbers, that is

Chny1 =6C, —Cpo1, n2>2, (2)

with C1 = 3 and Cy = 17. Liptai (2004), showed that the only balancing number in the sequence
of Fibonacci numbers is 1. In Ray (2012) and Ray (2013), Ray obtained nice product formulas for
both balancing and Lucas-balancing numbers. Panda and Ray (2011) linked balancing numbers
with Pell and associated Pell numbers. There is another way to generate balancing numbers

6 —1
QB—<1 0>,

known as balancing matrix introduced in Ray (2012). Many interesting properties of balancing
numbers using matrix method are also studied in Ray (2012).

using powers of matrices
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The matrix representation indeed gives many known and new formulas for balancing num-
bers. In this paper, using matrix algebra we obtain several interesting results on Lucas-balancing
numbers.

As in Ray (2012), the balancing matrix @ p is in the form

6 —1
QB = (1 0 ) ;
whose entries are first three balancing numbers. Also in Ray (2012), it has been shown that for
integer n > 1, the n** power of Qp i.e. Q% is given by

B —-B

n n+1 n

QL = ) 3
B ( B, —Bn_1> (3)
The identity (3) provides an alternate proof of the Cassini’s formula for balancing numbers

(PANDA; RAY, 2011),
B2 - Bny1B, 1 = 1.

Since the identity Q5" = QBHQ% is true for all integers m,n with n > 1, the following
identities are straightforward:

Bm+n+1 = Bm+an+1 — BBy, and Bm-{—n = Bm+1Bn — BnBp-1.

These two results are basically similar, but could be applied to derive new identities for
balancing numbers such as the following:

Cern = BerICn - Bmcnfla
Bern = Bmcn + Bncma
Cern = Cmcn + 8BmBna

where B,, and C,, are n'? balancing number and n'"* Lucas-balancing number respectively. The
following properties of balancing and Lucas-balancing numbers are given in (PANDA; RAY,
2011).

Bn+1 - Bn—l = QCn and Cn+1 - Cn—l = 16Bn.

In this study, we define Lucas-balancing matrix Q¢ by

ac=(Y 1), (@

whose entries are first three Lucas-balancing numbers 1, 3 and 17. It is easy to verify that

(Gr)=ac () mas (%) =ae ()

Matrix representation of Lucas-balancing numbers

In this section, we present a new matrix representation of both balancing and Lucas-balancing
numbers. We obtain Cassini’s formulas and some interesting properties of these numbers by a
similar method as applied to the balancing @) p matrix in Ray (2012). Our aim is not to compute
the power of matrices, rather we find different relations between matrices containing balancing
and Lucas-balancing numbers.

The following theorem establishes an interesting relation between balancing Qg matrix and
Lucas-balancing Q¢ matrix.
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Theorem 1: Let Q¢ be the Lucas-balancing matrix as in (4). Then for integers n > 1,

82 Bot1 - —Bn for n even;
n Bn _Bn—l
QC = o1 (C —_C (5)
8z ( el " > , for n odd;
Cn —Un-1

where B,, and C), are n'" balancing and Lucas-balancing numbers respectively.

Proof.: The proof proceeds by induction on n. First we consider odd n. The relation (5) is

C: —C , where Cy = 17,C1 = 3,Cy = 1. We assume
Ci Oy

that suppose it is true for n = k, where k is an odd number. That is

k 1 (Cpyr —Cy )
= 8 2 .
Qe ( Cry —Ck

indeed true for n = 1, because Q¢ = <

By using properties of Lucas-balancing numbers and induction hypothesis, we can write

k42 k A2 k1 (Clyg —Ck:+2>
g prg 8 2 y
QC QCQC (Ck+2 _CkJrl

as desired. Secondly, we consider even n. It is clear that the relation (5) is true for n = 2. We
assume that suppose it is true for n = k, where k is an even number. That is

By using properties of balancing numbers and induction hypothesis, we can write

k2 _ ok 02 _ g2 <Bk+3 —Bk+2>
B @505 Biio —Bit1)’

as desired. Hence the relation (5) holds for all n.
O
Theorem 2: Let Q7 be as in (5). Then for all integers n > 1, the following identities are valid:
i. det(Qp) = (—1)"8"
ii. B2 — Bp 1B, 1 =1
iii. Cpy1Cpqg —C2 =38

Proof.: To establish (i), we use induction on n. Clearly det(Qc) = —8. Assuming det(Q%) =
(—1)*8*, and by the multiplicative property of the determinant, we obtain

det(QE!) = det(QF) det(Qc) = (—1)F8%(—8) = (—1)FT1gh+1

which shows (i) for all n > 1. The identities (ii) and (iii) can be easily seen by using (5) and (i)
for even and odd values of n, respectively. Second and third identities are indeed the Cassini
formulas for balancing and Lucas-balancing numbers.

O
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The Binet’s formulas for balancing and Lucas-balancing numbers were established in Behera
and Panda (1999). The following theorem is another approach to establish Binet’s formulas
with the help of linear algebra.

Theorem 3: For all integers n, the Binet’s formula for balancing and Lucas-balancing numbers
are respectively given by o o
1~ A2 1t A

Bn - 2\/§ ) Cn - 2 b

where \y =3+ v/8 and Xy = 3 — /8.

Proof.: Let Q¢ be the matrix as in (4). By solving the characteristic equation a? — 16ac — 8 = 0
of ¢, we obtain the eigenvalues and their corresponding eigenvectors as

a1 = \/g)\l, Qo = —\/g)\g and V], = (1, )\2), Vo = (1, )\1),

where \; = 3 + /8 and Ay = 3 — /8. We now consider the matrices A = (v, v1) = ( 11 )

A2 A
and B = dig(A1, o) = <\/§)/\1 _\})g)\2> to diagonalize the matrix Qc by B = A71QcA.

By using the properties of similar matrices, for any integer n, we can write B" = AingA.
Furthermore, Q¢ = AB"™A~!. Therefore, taking the n'® power of diagonal matrix B, we obtain

. AV C DL VS Vi S C DI
QC: n_ (_1\n\n _\n—1 _1\ny\n—1 |-
2 AT = (=1)" A5 AT+ (1)

The proof directly follows from equation (5) for n as even and odd respectively.

Theorem 4: For all integers m and n, the following identities are valid:

i). 8Bmin = CuCimi1 — Cp1Chy
i1). Butn = BuBmi1 — Bu_1Bm
ii1). Cpyn = Bpi1Cm — BpnCo_1
). 8Bm—n = Cpms1Cp — CnCrs1
v). Bm-n = BmBuni1 — Bmy1DBn
01). Cm—n = Bimt1Cn — BinCha

Proof.: By (5), we can write Q31" as

877";" (Bm+n+1 —Bimn

for m-+n even;
Bm+n _Bm+n— 1) 7

Qern _

C - _ _

g™ Crmgnt1 Contn for m+n odd.
Cm+n _Cm+n—1

For the case of odd m and n,

Qan _ 8"?"—1 Cm+10n+1 - Cmcn Canfl - CerlCn
oxc Oan—i—l - Cm—lcn Cm—lcn—l - Can '

(7)
Comparing the first row second column entries from both the matrices (6) and (7), we obtain

8Bm+n = CnCm+1 - Cn—ICTm
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while the second row first column entries gives
8Bm+n = Cmcn—H - C'm—lcvn‘
For the case of even m and n,

BeranJrl - BmBn Bmanl - Beran) (8)

QEQe =83 <BmBn+1 — Bm-1Bn Bp-1Bn-1 — BBy,
Comparing the first row second column entries from both the matrices (6) and (8), we obtain
Buin = BpBymi1 — Bn_1Bm,
while the second row first column entries gives
Bumin = BmBnt1 — Bm_1Bn.
For the cases odd m and even n or even m and odd n,

mtn—1 (Bm+10n+1 - Ban Banfl - Bm+1Cn> (9)

QeQc=8 =" \p o B, 1Cy By 1Cr i — BnCo
Comparing the first row second column entries from both the matrices (6) and (9), we obtain
Cintn = BmCn-1 — Bint1Ch,
while the second row first column entries gives
Byisn = BnCri1 — Bp1Cn.

The inverse of the matrix Q¢ is given by

. <_B”_1 Bn ) for n even;

—n 8% —Bn Bn+1
=\ o Coi) or n odd.

In a similar manner, by computing the equality Qm—n = Qm@—n, the desired results are obtai-
ned. Indeed, for the case of odd m and n,

8Brm—n = Cn+1Cn — CCry 1.
For the case of even m and n,

By—n = BwBni1 — Bpy1Bn.
Finally, for the case of odd m and even n or even m and odd n,

Cr—n = BnCr—1 — Bp—1Cy,.

This completes the proof of the theorem.
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